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Abstract
In this paper, the dynamic stability of rotating cylindrical shells under static and periodic axial forces is investigated
using a combination of the Ritz method and Bolotin’s ﬁrst approximation. The kernel particle estimate is employed in
hybridized form with harmonic functions, to approximate the 2-D transverse displacement ﬁeld. A system of Mathieu–Hill
equations is obtained through the application of the Ritz energy minimization procedure. The principal instability regions
are then obtained via Bolotin’s ﬁrst approximation. In this formulation, both the hoop tension and Coriolis eﬀects due to
the rotation are accounted for. Various boundary conditions are considered, and the present results represent the ﬁrst
instance in which, the eﬀects of boundary conditions for this class of problems, have been reported in open literature.
Eﬀects of rotational speeds on the instability regions for diﬀerent modes are also examined in detail.
 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
The dynamics of rotating cylindrical shells have received much attention over the years, especially into the
investigations of the frequency bifurcation phenomenon. Bryan (1890) ﬁrst examined this problem more than
a century ago. Signiﬁcant works that followed include those of Di-Taranto and Lessen (1964) and Srinivasan
and Lauterbach (1971), where the phenomenon of traveling waves and eﬀects of Coriolis forces were ﬁrst dis-
covered and elucidated in rotating shells. Since then, free vibrations of rotating cylindrical rings or shells have
been studied. Mizoguchi (1964) investigated the critical speeds of rotating cylindrical shells by treating the
shells as beams. Employing Donnell’s thin shell theory, Ng and Lam (1999) investigated the vibration and
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critical speed of axially loaded rotating cylindrical shells. More recently, Liew et al. (2002a,b) developed mesh-
less techniques for the free vibration analysis of rotating shell structures. Ng et al. (1998) ﬁrst examined the
parametric resonance phenomena in simply-supported cylindrical shells.
The dynamic stability of elastic systems under periodic loads has been studied for a long time due to its
importance in many engineering applications. Early works in this area are attributed to Bolotin (1964), who
determined the dynamic instability regions for some structural components, such as beams, frames, plates,
shells, etc. Bert and Birman (1987) investigated the dynamic stability of shear deformable anti symmetric
angle-ply plates, and the parametric instability of the laminated composite plates with transverse shear defor-
mation was carried out by Moorthy and Reddy (1990). In the dynamic stability analyses if cylindrical shells,
most published works have been restricted to non-rotating or stationary shells. Yao (1965) and Vijayaraghavan
and Evan-Iwanowski (1967) studied the dynamic stability of circular cylindrical shells under various static and
periodic loads. The eﬀects of longitudinal resonance on the dynamic stability of simply-supported cylindrical
shells were examined by Koval (1974), while Bert and Birman (1988) examined the parametric instability of
thick orthotropic shells using a higher-order shell theory.
This paper presents a ﬁrst-known study on the dynamic stability of rotating cylindrical shells under com-
bined static and periodic axial loads, for diﬀerent boundary conditions. To realize this, an energy formulation
is ﬁrst described, and a system of Mathieu–Hill equations is obtained via the Ritz procedure, which utilizes
kernel particle estimates in hybridized form with harmonic functions. The parametric resonance responses
are then analyzed based on Bolotin’s ﬁrst approximation. In the present formulation, the hoop tension and
Coriolis forces are both taken into account. The eﬀects of boundary conditions on the instability regions con-
stitute the major investigation in this work. Further, the characteristics of the instability regions of non-rotat-
ing shells and shells with diﬀerent rotating speeds, for diﬀerent modes, are compared.
2. Theoretical formulation
2.1. Energy formulation for rotating cylindrical shells
The circular cylindrical shell shown in Fig. 1 is considered to be thin, with length L, radius R, and thickness
h, and rotating about the x-axis at a constant angular velocity X. A coordinate system (x,h,z) is ﬁxed on the
mid-surface of the shell. The displacements of the shell in the x, h and z directions are denoted by u, v and w,
respectively. The pulsating axial load is given by
Na ¼ No þ Ns cos Pt ð1Þ
where P is the frequency of excitation in radians per unit time.
θ, v
R
θ
h
Ω
x,u
z,w
L
Fig. 1. Coordinate system of a rotating cylindrical shell.
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The work done Ua due to the axial loading can be written as
Ua ¼ 1
2
Z L
0
Z 2p
0
Naðu;2x þ v;2x þ w;2xÞRdhdx ð2Þ
where the subscript after the comma indicates partial diﬀerentiation with respect to the subscript variable. The
terms in the above work done expression originate from the second-order terms of the nonlinear Green’s strain
tensor
e;x ¼ u;x þ 1=2ðu2;x þ v2;x þ w2;xÞ ð3Þ
The kinetic energy expression can be described as
T ¼ 1
2
qh
Z L
0
Z 2p
0
½ _u2 þ _v2 þ _w2 þ 2Xðv _w w _vÞ þ X2ðv2 þ w2ÞRdhdx ð4Þ
where the ﬁrst three terms are due to contribution of the linear velocities in the x, h and z directions, respec-
tively. The fourth and ﬁfth terms are the contributions due to the Coriolis and centrifugal eﬀects, respectively.
The initial hoop tension due to the centrifugal force is deﬁned as
N h ¼ qhX2R2 ð5Þ
and the strain energy due to this hoop tension can be written as
Uh ¼ 1
2
Z L
0
Z 2p
0
N hfðR1u;hÞ2 þ ½R1ðv;h þ wÞ2 þ ½R1ðw;h þ vÞ2gRdhdx ð6Þ
The strain energy of the shell is expressed as
U e ¼ 1
2
Z L
0
Z 2p
0
eT½SeRdhdx ð7Þ
where eT and [S] are the strain vector and stiﬀness matrix, respectively, and
eT ¼ e1 e2 c j1 j2 2sf g ð8Þ
The middle surface strains e1, e2 and c and the middle surface curvatures j1, j2 and s are deﬁned according
to Love’s thin shell theory as follows:
e1 ¼ u;x; e2 ¼ R1ðv;h þ wÞ; c ¼ v;x þ R1u;h
j1 ¼ w;xx; j2 ¼ R2ðw;hh  v;hÞ; s ¼ R1ðw;xh  v;xÞ ð9Þ
where in an isotropic case, [S] is given by
½S ¼
A11 A12 0 0 0 0
A12 A22 0 0 0 0
0 0 A66 0 0 0
0 0 0 D11 D12 0
0 0 0 D12 D22 0
0 0 0 0 0 D66
2666666664
3777777775
ð10Þ
The extensional stiﬀnesses (Aij) and bending stiﬀnesses (Dij) are deﬁned as
ðAij;DijÞ ¼
Z h=2
h=2
Qijð1; z2Þdz ð11Þ
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and [Q] denotes the plane stress-reduced stiﬀness matrix
½Q ¼
Q11 Q12 0
Q12 Q22 0
0 0 Q66
264
375 ð12Þ
with
Q11 ¼ Q22 ¼ Eð1 m2Þ1; Q12 ¼ mEð1 m2Þ1; Q66 ¼ G ð13Þ
Here E is the elastic modulus, G the shear modulus, and m the Poisson’s ratio. The total potential energy func-
tional of the rotating shell is thus
Pt ¼ T  Uh  U e  Ua ð14Þ
2.2. Hybrid harmonic-kernel particle 2-D displacement ﬁeld
The approximation of the displacement functions describing the 2-D surface of the rotating cylindrical shell
are hybridized such that harmonic shape functions are used in the circumferential direction, while kernel par-
ticle shape functions are used in the circumferential direction. They are expressed in the following form
uðx; hÞ ¼
XNP
I¼1
wIðxÞuI ½g1ðtÞ cosðnhÞ  g2ðtÞ sinðnhÞ
vðx; hÞ ¼
XNP
I¼1
wIðxÞvI ½g1ðtÞ sinðnhÞ þ g2ðtÞ cosðnhÞ
wðx; hÞ ¼
XNP
I¼1
wIðxÞwI ½g1ðtÞ cosðnhÞ  g2ðtÞ sinðnhÞ ð15Þ
where NP is the total number of particles, wI(x) are the shape functions, uI, vI and wI are unknown nodal val-
ues of u, v and w at a sampling point I, and n is the circumferential half wave number. g1(t) and g2(t) are two
undetermined generalized coordinates.
The shape function wI(x) is given by
wIðxÞ ¼ Cðx; x xIÞ/aðx xIÞ ð16Þ
where C(x;x  xI) is the correction function, and /a(x  xI) the kernel function which can be expressed as
/aðx xIÞ ¼
1
a
/
x xI
a
 
ð17Þ
where / xxIa
 
is termed the weight function. The correction function C(x;x  xI) is described as
Cðx; x xIÞ ¼ HTðx xIÞbðxÞ ð18Þ
where
HTðx xIÞ ¼ ½1; x xI ; ðx xIÞ2 ð19Þ
bTðxÞ ¼ ½b0ðxÞ; b1ðxÞ; b2ðxÞ ð20Þ
and H is a vector of quadratic basis, while bi(x)’s are functions of x which are to be determined. By imposing
the reproducing conditions, the bi(x)’s can be solved, see Chen et al. (1997). Thus, the shape function can be
written as
wIðxÞ ¼ bTðxÞHðx xIÞ/aðx xIÞ ð21Þ
Eq. (21) can be rewritten as
wIðxÞ ¼ bTðxÞBIðx xIÞ ð22Þ
7556 K.M. Liew et al. / International Journal of Solids and Structures 43 (2006) 7553–7570
in which
BIðx xIÞ ¼ Hðx xIÞ/aðx xIÞ ð23Þ
bðxÞ ¼ M1ðxÞHð0Þ ð24Þ
and the moment matrixM is a function of x and H(0) is a constant vector. The explicit expressions forM and
H(0) are given by
MðxÞ ¼
XNP
I¼1
Hðx xIÞHTðx xÞ/aðx xIÞ ð25Þ
HTð0Þ ¼ ½1; 0; 0 ð26Þ
Therefore, the shape function can be expressed as
wIðxÞ ¼ HTð0ÞM1ðxÞHðx xIÞ/aðx xIÞ ð27Þ
For the thin shell problem, the ﬁrst and second derivatives of the shape function need to be determined. Eq.
(24) can be rewritten as
MðxÞbðxÞ ¼ Hð0Þ ð28Þ
The vector b(x) can be determined using the LU decomposition of the matrix M(x) followed by backward
substitution.
The derivatives of b(x) can be obtained similarly. Taking the derivative of Eq. (28), we obtain
M ;xðxÞbðxÞ þMðxÞb;xðxÞ ¼ H ;xð0Þ ð29Þ
which can be rearranged as
MðxÞb;xðxÞ ¼ H ;xð0Þ M ;xðxÞbðxÞ ð30Þ
The ﬁrst derivative of the shape function, can therefore be obtained by taking the derivative of Eq. (22)
wI ;xðxÞ ¼ bT;xðxÞBIðx xIÞ þ bTðxÞBI ;xðx xIÞ ð31Þ
while the corresponding second derivative can be calculated by taking derivative of Eq. (31)
wI ;xxðxÞ ¼ bT;xxðxÞBIðx xIÞ þ 2bT;xðxÞBI;xðx xIÞ þ bTðxÞBI;xxðx xIÞ ð32Þ
In this work, the cubic spline function is chosen as the weight function
/ðzIÞ ¼
2
3
 4z2I þ 4z3I for 0 6 jzI j 6
1
2
4
3
 4zI þ 4z2I 
4
3
z3I for
1
2
6 jzI j 6 1
0 otherwise
8>><>>>:
zI ¼ ðx xIÞaI ð33Þ
where the (dilatation) parameter aI denotes the size of the support. At a node, the size of the domain of inﬂu-
ence is calculated by
aI ¼ amaxdI ð34Þ
in which amax is a scaling factor ranging from 2 to 4. This is because for a one-dimensional problem, each node
should have at least two neighbors in its domain of inﬂuence. The distance dI is determined by searching for
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suﬃcient number of nodes so as to avoid singularity of the M matrix. In order to compute the derivatives of
the shape function, it is necessary to determine the derivatives of the weight function.
The ﬁrst and second derivatives of the weight function, which are continuous over the entire domain, can be
easily obtained using the chain rule
/;x ¼ /;zI  zI ;x ¼
ð8zIþ12z2I Þ
ðx xIÞ
jðx xIÞj for 0 6 jzI j 6
1
2
ð4þ 8zI4z2I Þ
ðx xIÞ
jðx xIÞj for
1
2
6 jzI j 6 1
0 otherwise
8>>>><>>>>:
ð35Þ
/;xx ¼ /;zI zI ðzI ;xÞ2 ¼
ð8þ 24zIÞ for 0 6 jzI j 6 12
ð8 8zIÞ for 12 6 jzI j 6 1
0 otherwise
8><>: ð36Þ
2.2.1. Enforcement of boundary conditions – a penalty approach
To deal with diﬀerent boundary conditions, the present work incorporates the penalty method, see Reddy
(1986, 1993), to enforce the essential boundary conditions. The penalty formulation is developed as follows:
2.2.2. Simply-supported boundary conditions
For the domain bounded by lu, the displacement boundary condition is
u ¼ u on lu ð37Þ
in which u is the prescribed displacement on the displacement boundary lu. Condition (37) is treated as con-
straint and it is introduced into the formulation using the penalty method. The variational form of the penalty
functional is given by
Pu ¼ a
2
Z
lu
ðu uÞTðu uÞdl ð38Þ
where a is the penalty parameter, which taken as 103E, with E being the elastic modulus of the shell.
For a cylindrical shell with a simply-supported edge, the essential geometrical boundary at that edge con-
ditions can be explicitly written as
v ¼ w ¼ 0 ð39Þ
2.2.3. Clamped boundary conditions
In the clamped case, for the domain bounded by lu, besides the boundary condition described by Eq. (37),
the rotation boundary condition is also included
b ¼ b on lu; where b ¼ w;x ð40Þ
and b is the prescribed rotation on the boundary. The variational form due to the rotational constraint (39) is
given by
Pb ¼
a
2
Z
lu
ðb bÞTðb bÞdl ð41Þ
In general, although the penalty parameter for each constraint can be distinct, the same penalty parameter
is used here for both boundary constraints described.
For a cylindrical shell with a clamped edge, the essential geometrical boundary conditions at that edge can
be explicitly written as
u ¼ v ¼ w ¼ 0 and w;x ¼ 0 ð42Þ
7558 K.M. Liew et al. / International Journal of Solids and Structures 43 (2006) 7553–7570
2.2.4. Instability regions via Ritz minimization and Bolotin’s ﬁrst approximation
The variational form due to the boundary conditions can be expressed as PB ¼ Pu þPb and the total
energy functional for this problem becomes
P ¼ Pt þPB ð43Þ
Substituting the displacement functions of Eq. (15) into the total energy functional of Eq. (43), and apply-
ing the Rayleigh-Ritz minimization procedure, which is equivalent to applying the Hamilton’s principle
d
Z t2
t1
Pdt ¼ 0 ð44Þ
a system of Mathieu–Hill equations are obtained as
M€gþG _gþ fKþ cos PtQgg ¼ 0 ð45Þ
The matrices M, G, K and Q are given by
M ¼
fM 0
0 fM
 !
; G ¼ 0 
eGeG 0
 !
ð46Þ
K ¼
eK 0
0 eK
 !
; Q ¼
eQ 0
0 eQ
 !
ð47Þ
where the generalized coordinates, €g, _g and g, are expressed as
€g ¼ €g1ðtÞ
€g2ðtÞ
 
; _g ¼ _g1ðtÞ
_g2ðtÞ
 
; g ¼ g1ðtÞ
g2ðtÞ
 
ð48Þ
and eK ¼ K1KKT; fM ¼ K1MKT ð49ÞeG ¼ K1GKT; eQ ¼ K1QKT ð50Þ
KIJ ¼ wIðxJ ÞI; I is an identity matrix ð51Þ
K ¼ Ke þ KA þ KB1 þ KB2 ð52Þ
KeIJ ¼ Rp
Z L
0
BeTI ½SBeJ dx; KAIJ ¼ Rp
Z L
0
BA
T
I NoB
A
J dx ð53Þ
KB1IJ ¼ aRp
Z
CU
B1B
T
I B1
B
J dlþ
Z
CU
B1BI udl
 	
ð54Þ
KB2IJ ¼ aRp
Z
CU
B2B
T
I B2
B
J dlþ
Z
CU
B2BI bdl
 	
ð55Þ
MIJ ¼ qhRp
Z L
0
MTI MJ dx ð56Þ
GIJ ¼ qhRp
Z L
0
MTI XMJ dx ð57Þ
QAIJ ¼ Rp
Z L
0
BA
T
I NsB
A
J dx ð58Þ
BeI ¼
wI ;x 0 0
0 nR1wI R
1wI
nR1wI wI ;x 0
0 0 wI ;xx
0 nR2wI ðnR1Þ2wI
0 2R1wI ;x 2nR
1wI ;x
266666664
377777775 ð59Þ
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B1BI ¼
wI 0 0
0 wI 0
0 0 wI
264
375; B2BI ¼ wI ;x 0 00 wI ;x 0
0 0 wI ;x
264
375 ð60Þ
BAI ¼
wI ;x 0 0
0 wI ;x 0
0 0 wI ;x
264
375; X ¼ 0 0 00 0 X
0 X 0
264
375; MTI ¼ wI 0 00 wI 0
0 0 wI
264
375 ð61Þ
Eq. (45) is in the form of a second-order diﬀerential equation with periodic coeﬃcients of the Mathieu–Hill
type. The regions of instability are separated by the periodic solutions having periods T and 2T with T = 2p/P.
The solutions with period 2T are of greater practical importance as the widths of these unstable regions are
usually larger than those associated with solutions having period of T. Using Bolotin’s approach, as a ﬁrst
approximation, the periodic solutions with period 2T can be sought in the form
g ¼ f sin Pt
2
þ g cos Pt
2
ð62Þ
where f and g are arbitrary vectors. Substituting Eq. (62) into Eq. (45) and equating the coeﬃcients of sin Pt
2
and cos Pt
2
terms, a set of linear homogeneous algebraic equations in terms of f and g can be obtained. The
condition of non-trivial solutions are given by
det
 1
4
P 2Mþ K 1
2
Q  P
2
G
P
2
G  1
4
P 2Mþ Kþ 1
2
Q
0BB@
1CCA
2664
3775 ¼ 0 ð63Þ
The generalized eigenvalues P of the above generalized eigenvalue problem deﬁne the boundaries between
the stable and unstable regions.
3. Numerical results and discussion
To evaluate the stability of the present formulation, convergence studies are performed for two diﬀerent
boundary cases. For periodic compressive loads, it is obvious that the compressive axial loads cannot exceed
the critical buckling load of the cylindrical shell. For isotropic cylindrical shells of intermediate length, the
buckling load is given in Timoshenko and Gere (1961) as
N cr ¼ Eh
2
R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1 m2Þp ð64Þ
where E is the elastic modulus and m is the Poisson’s ratio of the isotropic cylindrical shell. The geometrical
properties of the cylindrical shells used in the present study are L/R = 2 and R/h = 100 and the Poisson’s ratio
is taken as m = 0.3. The non-dimensional excitation frequency parameter p is deﬁned as
p ¼ PR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qð1 m2Þ=E
p
ð65Þ
Table 1 shows the convergence characteristics of the frequency results for simply-supported rotating cylin-
drical shells under axial loading of No = 0.4Ncr and rotating speed X = 10 rev/s. The number of nodes used is
increased from 20 to 70, and the scaling factor amax varies from 2.5 to 3.5. It is observed that converged results
can be achieved by using a relatively higher scaling factor of amax = 3.0–3.5. The convergence test is also per-
formed for a clamped rotating cylindrical shell, and results are tabulated in Table 2. The number of nodes is
increased from 20 to 100, and the scaling factor ranges from 2.5 to 3.5. It is noted that the scaling factor does
not signiﬁcantly aﬀect the convergence rate for mode (1,1). However, for modes (1,2), (1,3) and (1,4),
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converged results can be achieved faster using a larger scaling factors of 3.0 or 3.5. For a vibration mode
(m,n), m refers to the longitudinal half wave number while n represents the circumferential wave number.
Table 1
Convergence of the region boundary, p, for a simply-supported rotating cylindrical shell (L/R = 2, R/h = 100, m = 0.3, No = 0.4Ncr)
amax No. of nodes (NP) Mode (m,n)
(1,1) (1,2) (1,3) (1,4)
p1 p2 p1 p2 p1 p2 p1 p2
2.5 20 1.0991612 1.1960114 0.6262055 0.7050991 0.3950691 0.4568671 0.3180148 0.3673378
30 1.1003629 1.1971877 0.6271296 0.7060129 0.3958351 0.4576309 0.3186866 0.3680098
40 1.1010329 1.1978448 0.6277032 0.7065814 0.3963919 0.4581867 0.3192406 0.3685636
50 1.1014748 1.1982791 0.6281239 0.7069991 0.3968536 0.4586477 0.3197362 0.3690587
60 1.1017986 1.1985981 0.6284639 0.7073374 0.3972625 0.4590562 0.3201966 0.3695186
70 1.1020531 1.1988494 0.6287555 0.7076278 0.3976379 0.4594312 0.3206325 0.3699539
3.0 20 1.0979326 1.1948200 0.6257958 0.7047045 0.3953983 0.4571990 0.3188131 0.3681329
30 1.0997044 1.1965565 0.6272359 0.7061308 0.3967247 0.4585224 0.3200889 0.3694085
40 1.1007131 1.1975473 0.6281649 0.7070528 0.3977195 0.4595156 0.3211427 0.3704614
50 1.1013897 1.1982134 0.6288633 0.7077473 0.3985517 0.4603466 0.3220732 0.3713908
60 1.1018917 1.1987085 0.6294343 0.7083158 0.3992846 0.4610787 0.3229192 0.3722358
70 1.1022892 1.1991012 0.6299248 0.7088046 0.3999481 0.4617416 0.3237004 0.3730158
3.5 20 1.0977357 1.1946270 0.6259017 0.7048096 0.3956233 0.4574254 0.3190437 0.3683691
30 1.0995347 1.1963907 0.6272764 0.7061713 0.3968547 0.4586538 0.3202325 0.3695560
40 1.1005769 1.1974146 0.6281921 0.7070804 0.3978207 0.4596179 0.3212591 0.3705807
50 1.1012796 1.1981063 0.6288889 0.7077733 0.3986427 0.4604385 0.3221807 0.3715005
60 1.1018017 1.1986211 0.6294624 0.7083443 0.3993735 0.4611683 0.3230259 0.3723441
70 1.1022151 1.1990294 0.6299570 0.7088371 0.4000386 0.4618326 0.3238103 0.3731270
Table 2
Convergence of the region boundary, p, for a clamped rotating cylindrical shell (L/R = 2, R/h = 100, m = 0.3, No = 0.4Ncr)
amax No. of nodes (NP) Mode (m,n)
(1,1) (1,2) (1,3) (1,4)
p1 p2 p1 p2 p1 p2 p1 p2
2.5 20 1.1294986 1.2243515 0.7389629 0.8142931 0.5354233 0.5946095 0.4383047 0.4860872
30 1.1305495 1.2253818 0.7395786 0.8149017 0.5358289 0.5950163 0.4388001 0.4865767
40 1.1311537 1.2259660 0.7401206 0.8154369 0.5362248 0.5954063 0.4389227 0.4866998
50 1.1315682 1.2263693 0.7404660 0.8157758 0.5365244 0.5957037 0.4393973 0.4871709
60 1.1317472 1.2265405 0.7409552 0.8162843 0.5378623 0.5971597 0.4392717 0.4870470
70 1.1319960 1.2267821 0.7408438 0.8161458 0.5368197 0.5959951 0.4393777 0.4871520
80 1.1321315 1.2269133 0.7409510 0.8162506 0.5368986 0.5960722 0.4396154 0.4873869
100 1.1323047 1.2270800 0.7410908 0.8163866 0.5370155 0.5961881 0.4395216 0.4872949
3.0 20 1.1247603 1.2197337 0.7313884 0.8067875 0.5266351 0.5858510 0.4299624 0.4777399
30 1.1271228 1.2220480 0.7340253 0.8094078 0.5293054 0.5885178 0.4323812 0.4801573
40 1.1284637 1.2233587 0.7357427 0.8111020 0.5311478 0.5903529 0.4340999 0.4818752
50 1.1299423 1.2248217 0.7362986 0.8116026 0.5314153 0.5905842 0.4350192 0.4827989
60 1.1301512 1.2250066 0.7380309 0.8134060 0.5343900 0.5937020 0.4354110 0.4832079
70 1.1307838 1.2256377 0.7380509 0.8133570 0.5339245 0.5931122 0.4365077 0.4842809
80 1.1313476 1.2262557 0.7388130 0.8141462 0.5341507 0.5933469 0.4373421 0.4851183
100 1.1312541 1.2260627 0.7393438 0.8146611 0.5349947 0.5941780 0.4375895 0.4853620
3.5 30 1.1249878 1.2199908 0.7302900 0.8056570 0.5245649 0.5838081 0.4275802 0.4753618
40 1.1265074 1.2214742 0.7321808 0.8075660 0.5265701 0.5857950 0.4294791 0.4772083
50 1.1275666 1.2224614 0.7335508 0.8089736 0.5282318 0.5874395 0.4307590 0.4785253
60 1.1283716 1.2232723 0.7346849 0.8100623 0.5293880 0.5885823 0.4323721 0.4801450
70 1.1288572 1.2237682 0.7354432 0.8107992 0.5302764 0.5894791 0.4330656 0.4808248
80 1.1292375 1.2240615 0.7361107 0.8114642 0.5309372 0.5901151 0.4337895 0.4815525
100 1.1330492 1.2283698 0.7353869 0.8106550 0.5316497 0.5908321 0.4339374 0.4817457
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It is observed that most of the solutions converge from the upper bound as the node number increases, except
for three sets, namely: [3.0/80, 100 and (1,1)], [3.5/80, 100 and (1,2)] and [2.5/80, 100 and (1,4)], where the
trend becomes ‘‘opposite’’ or oscillatory with further increase from 80 nodes. The convergence characteristics
up to 80 nodes are generally observed to be well behaved and monotonic. Eﬀectively, these results can be con-
sidered converged when 80 nodes are used. The very minute oscillatory behavior, which incurs extremely small
percentage changes, when more than 80 nodes are used, can be attributed to ‘‘post-convergence’’ numerical
instabilities, which is often observed when too many terms are used in an energy minimization procedure.
From these two tables, it can be concluded that converged results can be achieved with less number of nodes
combined with relatively larger scaling factors.
In the present study, the instability regions of rotating cylindrical shells for ﬁve diﬀerent boundary condi-
tions are investigated, namely, simply-supported (at both ends), clamped (at both ends), free (at both ends),
simply-supported-free, and clamped-free. For each boundary condition, the instability regions of four modes,
(1,1), (1,2), (1,3) and (1,4), are plotted. Fig. 2.1 illustrates the instability regions of a simply-supported cylin-
drical shell under axial forces with diﬀerent rotating speeds, X = 0, 1, 5 (rev/s), for mode (1,1). It is observed
that the instability regions gradually become wider as the rotating speed increases. However, the slopes of the
region boundaries increase with increasing rotating speeds. It is also apparent that for each instability region,
the increase in size is due to the region boundaries shifting away from each other as rotating speed increases.
This onset of bifurcation in the boundaries is due to the Coriolis eﬀects, and is consistent with observations
made in Ng (2003), and comparisons with numerical data also show excellent agreement, see Table 3. In this
table, H represents the angle deﬁning the slope of the boundary of the instability region. Similar trend of this
bifurcation eﬀect are observed in Figs. 2.2, 2.3 and 2.4 for modes (1,2), (1,3) and (1,4), respectively. In addi-
tion, for mode (1,4), apart from the bifurcation in the boundaries, it is also observed that the entire instability
region shifts to signiﬁcantly higher frequency values as the rotating speed increases. Further, it is clear that the
boundaries of the instability regions are straight lines for non-rotating shells, and the proﬁles of these bound-
aries very gradually become ‘‘outward curving’’ when rotating speed is introduced, and becoming visually
apparent when the rotating speeds are high.
Figs. 3–6 respectively depict the corresponding instability regions for axially loaded rotating cylindrical
shells with boundary conditions: simply-supported-free, clamped (at both ends), clamped-free, and free (at
both ends). For these four additional boundary condition cases, similar characteristics of the instability
regions as those in Fig. 2 for the fully simply-supported case, are observed. Comparing each particular mode
in all the ﬁve cases, it is observed that the degree of shift in the instability regions to higher frequency values,
due to increasing rotating speeds, increases invariably in accordance to the boundary conditions sequence:
simply-supported (at both ends), simply-supported-free, clamped (at both ends), clamped-free, and free (at
both ends). This is so for all respective modes.
The eﬀects of hoop tension and Coriolis force are examined in Fig. 7 for a simply-supported rotating shell
with rotating speed being 1 rev/s. The fundamental and second unstable regions, which correspond to modes
(m,n) = (1,5) and (m,n) = (1,6), are plotted. The presence of hoop tension increases the shell stiﬀness causes
Table 3
Comparison of results for the unstable regions associated with the transverse modes of a simply-supported isotropic rotating cylindrical
shell of m = 0.3, geometric properties L/R = 2, R/h = 100, and subjected to extensional loading of No = 0.1Ncr
X Ng (2003) Present Ng (2003) Present
p1 p2 p1 p2 H (·103) H(·103)
Mode (1,1)
0 1.147510143 1.147510143 1.147511326 1.147511326 1.181011 1.181120
0:1x0;ð1;1Þ 1.147421731 1.147598493 1.147422911 1.147599671 0.980984 0.981003
0:2x0;ð1;1Þ 1.147333371 1.147686911 1.147334545 1.147688095 0.819464 0.819534
Mode (1,2)
0 0.661285931 0.661285931 0.661287129 0.661287129 2.049864 2.049902
0:1x0;ð1;2Þ 0.661241071 0.661330968 0.661242269 0.661332165 1.941637 1.941679
0:2x0;ð1;2Þ 0.661203037 0.661371972 0.661204234 0.661373170 1.843994 1.844048
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Fig. 2. Instability regions for modes (1,1), (1,2), (1,3) and (1,4) for a simply-supported (at both ends) rotating cylindrical shell (L/R = 2,R/h = 100,No = 0.2Ncr). Abscissa – p; Ordinate
– Ns/No.
K
.M
.
L
iew
et
a
l.
/
In
tern
a
tio
n
a
l
J
o
u
rn
a
l
o
f
S
o
lid
s
a
n
d
S
tru
ctu
res
4
3
(
2
0
0
6
)
7
5
5
3
–
7
5
7
0
7563
Ω
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Fig. 3. Instability regions for modes (1,1), (1,2), (1,3) and (1,4) for a simply-supported-free rotating cylindrical shell (L/R = 2, R/h = 100, No = 0.2Ncr). Abscissa – p; Ordinate –
Ns/No.
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Fig. 4. Instability regions for modes (1,1), (1,2), (1,3) and (1,4) for a clamped (at both ends) rotating cylindrical shell (L/R = 2, R/h = 100,No = 0.2Ncr). Abscissa – p; Ordinate –Ns/No.
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(rev/s) Fig. 5.1   mode (1,1) Fig. 5.2   mode (1,2) Fig. 5.3   mode (1,3) Fig. 5.4   mode (1,4)
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Fig. 5. Instability regions for modes (1,1), (1,2), (1,3) and (1,4) for a clamped-free rotating cylindrical shell (L/R = 2, R/h = 100, No = 0.2Ncr). Abscissa – p; Ordinate – Ns/No.
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Fig. 6. Instability regions for modes (1,1), (1,2), (1,3) and (1,4) for a free (at both ends) rotating cylindrical shell (L/R = 2, R/h = 100, No = 0.2Ncr). Abscissa – p; Ordinate – Ns/No.
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the instability regions to shift very slightly to the right. Furthermore, it is obvious that the bifurcations of the
point of origin of the instability regions are due solely to the Coriolis forces. It can therefore be safely con-
cluded that the omission of these eﬀects inevitably leads to distinct and erroneous results, both quantitatively
and qualitatively.
Fig. 8 shows the fundamental and second unstable regions for shells with diﬀerently boundary conditions,
namely: simply-supported at both ends (S–S), clamped at both ends (C–C), clamped-free (C–F) and com-
pletely free edges (F–F). It is observed that the fundamental instability region occurs at mode (m,n) = (1,5)
for shells with S–S boundary condition, while fundamental unstable regions correspond to the mode
(m,n) = (1,6) for shells with the other three boundary conditions. For the instability region associated with
the second mode, (m,n) = (1,5) for C–C and C–F shells, (m,n) = (1,6) for S–S shells, and (m,n) = (1,7) for
F–F shells.
Case Fundamental and second instability regions
1
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.20 0.22 0.24 0.26 0.28
(m,n) = (1,6)(m,n) = (1,5)
2
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.20 0.22 0.24 0.26 0.28
3
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.20 0.22 0.24 0.26 0.28
4
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.20 0.22 0.24 0.26 0.28
Fig. 7. Instability regions for modes (1,5) and (1,6) for a simply-supported (at both ends) rotating cylindrical shell. Case 1: Neglect both
hoop tension and Coriolis force. Case 2: Neglect Coriolis force only. Case 3: Neglect hoop tension only. Case 4: With both hoop tension
and Coriolis force. (L/R = 2, R/h = 100, No = 0.1Ncr.) Abscissa – p; Ordinate – Ns/No.
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Fig. 8. Fundamental and second instability regions for rotating cylindrical shells with S–S, C–C, C–F and F–F boundary conditions, (L/R = 2, R/h = 100, No = 0.2Ncr). Abscissa – p;
Ordinate – Ns/No.
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4. Conclusions
The dynamic stability of rotating cylindrical shells with diﬀerent boundary conditions under combined sta-
tic and periodic axial forces has been investigated using the Ritz energy minimization and Bolotin’s ﬁrst
approximation. The mesh-free kernel particle estimate is employed in hybridized form with harmonic func-
tions, to approximate the 2-D transverse displacement ﬁeld. In this formulation, both the hoop tension and
Coriolis eﬀects due to the rotation have been taken into consideration. Present numerical results represent
the ﬁrst to appear in the literature for the various boundary conditions considered, and will serve as useful
benchmarks. Eﬀects of boundary conditions on the positions of these instability regions have also been dis-
cussed in detail. Further, it was found that the sizes of the instability regions widen as rotating speeds increase,
and this is a direct result of the boundaries of these regions bifurcating or mutually shifting away from each
other, due to the Coriolis eﬀects.
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